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QU-4SILINEXR FORMULATION OF FINITE TRANSFORMATIONS 

Henry Wolf 

Analytical Mechanics Associates, Inc. 

SUMMARY 

A set of quasilinear formulas are developed for  translating changes 

Acu into a set AR, AR which is related nonlinearly to  a. This set of 

formulas is valid and numerically accurate for infinitesimal, as well as 

finite, ACY. 



1.  - Introduction 

In differential correction schemes, the parameters  which a r e  generally 

corrected am not the coordinates themselves but usually functions of these 

coordinates chosen to avoid loss of significance in the differential correction 

matrix with time [11. Such a set  of parameters  is given in Reference [21. 

A modified se t  i s  presented in Reference [31. This set corresponds to  the 

one in use at present in the Goddard Minimum Variance Program. 

In this program, as well as in other differential correction programs, 

1' the result of processing one o r  more observations is a vector A s  = [ h a  

Aa2, A 0  , ACi , bff 

and velocity coordinates AR = [ Ax, b y ,  b z ,  A i ,  L i ,  b i  1. References 

[2 1 and [3I present a linear relation of the form 

which has to be related to  a change in position 3 4 5' 

D R  = SACY 

where the matrix S is a function of position and velocity. 

-. I nis relation is valid, strictly speaking, only lor irlfiriiiesiii-ui ha 

and thus will lead to e r r o r s  for finite Acr. These e r r o r s  a r e  particularly 

severe for a least-squares approximation, but also cause difficulties in the 

minimum variance scheme when the vector A a  is at all sizeable. In 

addition, even small changes in  several components of Acr a r e  often com- 

pletely 'ldrowncd'l by the higher order changes induced, due to the nonlinearity, 

by the la rger  changes in other components. In either case,  when Acr is 

recomputed from R after the transformation (1) has been applied, incorrect 

values of Aa have been applied, thus causing, at best, a serious delay in 

convergence and, at worst, preventing it altogether. As a result  of these 

-. 
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difficulties, Bailie c 4 1 developed a set of formulas which guarantees the 

cor rec t  application of Acy for finite values of the vector. Experience has 

shown, however, that the formulas given in Reference [ 41 should be applied 

only f o r  larger  changes in bay since for small  values of Acy they produce 

sufficient numerical noise so  as to prevent the fine adjustment of the orbit, 

once the residuals have been reduced to small values. It seems difficult to 

fix exact l imits where one or the other of these transformations a r e  to be 

used, and the use of double precision arithmetic in the finite transformation 

also does not seem particularly attractive. A formulation has therefore been 

developed which is valid fo r  all admissible values of Acu and which, by its 

quasilinear form, will computationally (as well as analytically, of course) 

reduce to eqn. (l), for  small values of A a. 
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2 .  Notation 

R 

R 

H = R x R  

d = R . R  

* - 1/2 v = I R - R I  

I 

A+% 
1 

i AR 

a 

position vector 

velocity vector 

angular momentum vector 

dot product 

magnitude of position vector 

magnitude of velocity vector 

transformed value 

gravitational constant 

coefficients defined in equation 14 

. th 
i component of Aa vector ( i  = 1, - - -, 6) 

th vector change in R due to a change in the i 
component of Aa 

semi-major axis 
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3 . Analysis 

The transformations arc?: 

A. A rotation of the position vector about the velocity vector 

through an angle hal. 

In reference L43, this rotation is accornplishcd by: 

d H 
2 1 V 7 

R' = R COS Ao! + R - (1 - COS ACZ ) - -s in  Aa 
V 

1 

It is clear in this case that for small ha 

of 1 - cos ba 

special precautions a r e  taken. If R'  is written as: 

the computation 
1' 

m a y  lead to a loss  in significance unless 
1 

1 
R' = R + AR 

and the identity 

2 5  
2 1 - cos x = 2 sin 

is used, QR is given by: 

- d  2"l H AR = - 2p - YR] s i n  - 2 - - V sin ~a 1 
V 

B. A rotation of the velocity vector about the position vector 

through an angle Aa 2'  
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From Reference 41 

d H' 
2 2 r 2 

R' = R cos ~ c r  + -R'(I - cos  ~a ) + -s in  ha 
2 r  

as above. 

R' = R + AR2 

2 H' i '  d l  2 2 + -s in  r Aa 2 AR = - 2 R - -R'  sin - 
r 

(5) 

3'  
C.  A rotation of both R and R about H through an angle Acx 

3 
R" = R ' c o s  An + - H'xR' sin L S ~  

3 h 

3 
sin .baa H'x R' R" = R' COS AQ3 + - 

h 

Replacing 1 - cos .&a 
c ross  products 

as above and eliminating the two 
3 

\ 
2 2 Aa3 * AR3 = - R'($ sin Aa - 2 sin -) 2 + R ' ( X  sin Aa3) 

3 

2 2 Aa3 
A R ~  = - ~ ' ( t  sin AQ 3 ) + Rf(t sin AQ, - 2 sin -) 2 
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where 

R ' " =  R' + L\R 
3 

D. The remaining three parameters are the instantaneous 

values of 

The transformations due to changes in these parameters  are 

best handled simultaneously. In order  to  simplify the notation, 

R in the following replaces R" and the final t ransform is 

denoted by R'. The equations to be satisfied are: 

. .  . .  

where 
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R' = R + AR 

In order  to leave Acr 

must be coplanar with R and R, and in order  to leave 

ha invariant, A R  must be parallel to R. Hence 

and Aa2 invariant, A R  and AR 
1 

3 

AR = 6 R  

Substitution f rom eqns. (14) and (12) into eqn. (11) leads to  a 

single quadratic equation for 6 : 

r + Aa6 

This equation is 

selected so that 

solved for 6,  the sign of the root is 

6 vanishes whenever Aa! = bcr = 0. 5 6 

6 I [ l - ~ ( A a  3 
+ "*6 

5 (r + Acy6)r 
V 

Written in quasilinear form: 
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where 

- 
2 

L1 - - 
V 

Substitution from eqn. (14) into eqns. (10) and (12) leads to 

a linear and a quadratic equation between Q and f i  re- 

spectively. After some algebra, the solution can be rcpre-  

sented in quasilinear form as: 

where 

n n n 

r + AQ6)vL (I + 6)& + 6(2 + 6)dL - Aa4(2 d + &a ) 
(20) 

4 - 
n n L2 - 

h‘(1 t- 6)‘ 

The major te rms  in L 1’ L2’ 6 are thus proportional to 

ba , L.a , B.a and will vanish identically when A s  = 4 5 6 4 

AQ - Acr = 0 and, for small values of A Q ,  the higher 
5 6 

order  te rms  appear as coefficients, thus insuring the 

accurate computation of A R .  No assumption of smallness 

of AQ has been made in  the derivation of these formulas; 

they are therefore valid for any admissible set of A a .  
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